We develop a symmetric teleparallel gravity model, in which only spacetime nonmetricity is nonzero, in terms of the quadratic nonmetric Lagrangian. Then we perform a detailed calculation of variation which can be used for any gravitation formulation. Finally we seek Scwarzschild type solutions because of its observational success and obtain Scwarzschild and Reissner-Nordström solutions as two special cases.
Introduction
Although Einstein's (pseudo-)Riemannian formulation of gravitation, the so-called general relativity, is elegant and successful, there is not any reason forbidden non-Riemannian formulation. In general relativity, the only field dynamic is the metric or co-frame and the corresponding field strength is the curvature R a b written in terms of the Levi-Civita connection. In non-Riemannian gravity models the geometry is enriched by adding torsion T a and nonmetricity Q a b contributions to the Levi-Civita connection ω a b of the Riemannian spacetime [1] - [3] and references therein. While the orthonormal metric η ab , orthonormal co-frame e a and the full connection Λ a b are considered gauge potentials in the gauge approach to gravity, the corresponding field strengths are defined by the covariant exterior derivative of the potentials; nonmetricity, torsion and curvature, respectively. The most general non-Riemannian gravity models (Q = 0, T = 0, R = 0) can be found in the literature [1] - [7] . The first subclass of these models is Einstein-Cartan-Dirac theory written in Riemann-Cartan spacetime in which it is seen that a spinor field is a source of spacetime torsion [8] or spacetime torsion causes neutrino condensations [9] or neutrino oscillations [10] . We emphasize that the connection is metric compatible (Q = 0) in this theory. In the first modification of this model, curvature together with nonmetricity is also constrained to zero, but torsion is left nonzero, the so-called teleparallel gravity [11] - [15] and references therein.
Another approach to non-Riemannian gravity is worked by Weyl's unsuccessful attempt in 1918 where the fourth irreducible component of nonmetricity, i.e. Weyl 1-form, represents the electromagnetic potential 1-form. In addition to this pioneering work, there have been other theoretical models in spacetimes Q = 0, R = 0, T = 0 [16] - [17] and references therein. But the gravity models in the spacetimes Q = 0, T = 0, R = 0, the so-called symmetric teleparallel gravity, are not worked so much [18] - [19] . This paper aims filling in this gap.
In this paper we study symmetric teleparallel gravity (STPG). After recalling some mathematical preliminaries in Sec.2, we derive the field equations of STPG from the most general quadratic nonmetricity Lagrangian in Sec. 3 . Mathematical details of variations are given in appendix. Then in Sec.3.1 we write down the nontrivial dynamic gravitational field equation for the spherically symmetric background metric and find Schwarzschild and Reissner-Nordström solutions. The last section is reserved for the conclusion. Here we adhere to the following conventions: Indices denoted by Greek letters α, β, · · · =0,1,2,3 are holonomic or coordinate indices, a, b, · · · = 0, 1, 2, 3 are anholonomic or frame indices. We abbreviate the wedge products of orthonormal co-frames e ab··· = e a ∧ e b ∧ · · · and denote symmetric and anti-symmetric indices as (ab) = 1/2(a + b) and [ab] = 1/2(a − b).
Mathematical preliminaries
Spacetime is denoted by the triple {M, g, ∇} where M is a 4-dimensional differentiable manifold, equipped with a Lorentzian metric g which is a second rank, covariant, symmetric, non-degenerate tensor and ∇ is a linear connection which defines parallel transport of vectors (or more generally tensors and spinors). With an orthonormal basis {X a } metric can be written
where η ab = (−, +, +, +) is the Minkowski metric and {e a } is the orthonormal co-frame. The local orthonormal frame {X a } is dual to the co-frame {e a };
where ı Xa ≡ ı a is interior product. The spacetime orientation is set by the choice ǫ 0123 = +1 or * 1 = e 0123 where * denote the Hodge dual map. In addition, the connection is specified by a set of connection 1-forms Λ a b . In the gauge approach to gravity η ab , e a , Λ a b are interpreted as the generalized gauge potentials, while the corresponding field strengths; the nonmetricity 1-forms, torsion 2-forms and curvature 2-forms are defined through the Cartan structure equations.
Nonmetricity : Q
where D denotes the covariant exterior derivative. When Q ab = 0, it is said that the connection is metric compatible. In this case Λ ab = −Λ ba . Geometrically the nonmetricity tensor measures the deformation of length and angle standards during parallel transport. Technically speaking it is a measure of compatibility of the affine connection with the metric. The scalar product of vectors is, in general, not preserved during parallel transport due to the appearance of nonmetricity. As a result if we parallel transport a vector along a closed curve the length of the final vector will be different from that of the initial vector.
Torsion : T
where d denotes exterior derivative. If the connection is not only metric compatible, but torsion is also zero, i.e, both Q ab = 0 and T a = 0, it is said that the connection is Levi-Civita. Geometrically it relates to translational group. If a vector (A = X a A a say) is parallel transported around a loop by means of the linear connection Λ a b , a transformation of A is induced, the linear piece of which is determined by the curvature and the translational piece by the torsion. To see its translational part let us consider parallel transport. Suppose that a vector A = A µ ∂ µ is parallelly transported according to the following prescription: First parallel transport the vector along dx µ and then along dx ν . Compare that with repeating the trip in reverse order, that is, first transport the vector along dx ν and then along dx µ . In flat space-time this series of actions sketches out a parallelogram. What happens in curved space? As we will see later, with zero torsion one still obtains a parallelogram, but of course the vector ends up rotated. With non-zero torsion something else happens; the two different routes do not bring the vector to the same point. The total difference between the initial and the final points of the vector, ∆A a , is given by
where S is the surface enclosed by the loop. It is sometimes said that closed parallelograms do not exist in space-time with torsion. 
Geometrically it relates to linear group. Now let us see the effect of curvature on vectors after parallel transported along a closed loop. If the vector does not undergo a rotation, then space is flat. Conversely, if the vector is rotated, then space is curved. Performing the parallel transport of a vector A = X a A a around a closed small path one obtains the following transformation
where S is the surface of the loop. If this tensor is not zero that means if any component is not zero, then space-time is curved. If this tensor is zero, then space-time is flat. Physically this is a fundamental tensor in gravitation, in particular in Einstein's general relativity. These field strengths satisfy the Bianchi identities
and the equalities
where 
where ω a b are the Levi-Civita connection 1-forms
and q a b are the anti-symmetric tensor 1-forms
In the above decomposition the symmetric part
while the anti-symmetric part
It is cumbersome to take into account all components of nonmetricity in gravitational models. Therefore we will be content with dealing only with certain irreducible parts of it to gain physical insight. The irreducible decompositions of nonmetricity invariant under the Lorentz group are summarily given below [3] . The nonmetricity 1-forms Q ab can be split into their trace-free Q ab and the trace parts as
Dη ab = 0 we pay special attention in lowering and raising an index in front of the covariant exterior derivative.
where the Weyl 1-form Q = Q a a and η ab Q ab = 0. Let us define
as to use them in the decomposition of Q ab as
where
We have
Thus the components are orthogonal in the following sense
where δ ij is the Kronecker symbol and N ij is a 4-form. Then
3 Symmetric teleparallel gravity
We formulate STPG in terms of a Lagrange 4-form and Lagrange multipliers
where ρ a b and λ a are the Lagrange multiplier 2-forms giving the constraints
This Lagrange changes up to a closed form under the transformations
of the Lagrange multiplier fields. Here µ a and ξ a b are arbitrary 1-forms. In the proof of the invariance we use the three Bianchi identities (8)- (10) and discard exact forms. Consequently the field equations derived from the Lagrange (34) will determine the Lagrange multipliers only up to the above transformations. The gravitational field equations are derived from the Lagrange by independent variations with respect to the connection {Λ a b } and the ortohonormal co-frame {e a } 1-forms, respectively;
and τ a = ∂L ∂e a . Here the first field equation (38) is used to solve the Lagrange multipliers λ a and ρ a b and the second field equation (39) governs the dynamics of the gravitational field. Since the Lagrange multiplier λ a couples to the equation (39) we must solve it. In principle, it is expected to solve λ a and ρ a b first by symmetrizing and antisymmetrizing the equation (38) and then by applying successively interior contractions ı b and ı a . However, it is impossible to solve λ a from (38) since all the coefficients of ρ a b vanish at the extremum. Thus, ρ a b is called Lagrange's undetermined multiplier [20] . However we note that what we need is Dλ a rather than λ a and we can calculate it by taking covariant exterior derivative of (38).
Here we use
where the covariant exterior derivative of a (1, 1)-type tensor is
Thus we arrive at the field equation
Now we write down the following Lagrange 4-form which contains the most general quadratic nonmetricity tensors [21] 
which is equivalent to the following
under the relations among the coupling coefficients
When we use the results derived in the appendix by keeping in mind Q ab = Λ (ab) , together with (44) we obtain the variational field equations from (46)
Spherical symmetric solution to the model
We now proceed the attempt for finding a solution to the STPG model. We naturally start dealing with the case of spherical symmetry for realistic simplicity. As usual in the study of exact solutions one has to choose the convenient local coordinates and make corresponding ansatz for the dynamical fields. We try to find a spherically symmetric solution with the line element
where F = F (r) and G = G(r). A convenient choice for a tetrad reads e 0 = F dt, e 1 = Gdr, e 2 = rdθ, e 3 = r sin θdϕ .
In addition to orthonormal co-frame choice, for the non-Riemannian connection we choose
This gauge configuration satisfies the constraint equations R a b (Λ) = 0 , T a (Λ) = 0. One can certainly perform a locally Lorentz transformation
which yields the Minkowski gauge Λ a b = 0 [18] . This means that we propose a set of connection components in a special frame and coordinate which seems contrary to the spirit of relativity theory. However in physically natural situations we can choose a reference and coordinate system at our best convenience.
Equations (62)- (63) read explicitly
Here prime denotes the derivative with respect to r. Under this configuration the only nonzero field equation comes from the trace of (44)
Symmetric and antisymmetric parts of the field equation gives trivially zero. In this case we obtain the equation
Because of the observational success of the Schwarzscild solution of general relativity we investigate this type solution;
It seems that it is impossible to solve exactly this nonlinear second order differential equation. Therefore we look at some special cases.
Schwarzscild Solution:
In this case (73) takes the form
which has the solution
where A, B are constants. This ℓ i configuration corresponds to
where c and k are arbitrary coupling coefficients that will be determined by observations.
Reissner-Nordström Solution:
where C, D are constants. This ℓ i configuration corresponds to
where again c and k are arbitrary coupling coefficients that will be determined by observations.
Conclusion
Einstein's general relativity provides an elegant (pseudo-)Riemannian formulation of gravitation in the absence of matter. In the variational approach, Einstein's field equations are obtained by considering variations of the Einstein-Hilbert action with respect to the metric and its associated Levi-Civita connection of the space-time. That is, the absence of matter means that the connection is metric compatible and torsion free, a situation which is natural but not always convenient. A number of developments in physics in recent years suggest the possibility that the treatment of space-time might involve more than a Riemannian structure. Although theories in which the non-Riemannian geometrical fields are dynamical in the absence of matter are more elusive to interpret, they may play an important role in certain astrophysical contexts. Part of the difficulty in interpreting such fields is that there is little experimental guidance available for the construction of a viable theory that can compete effectively with general relativity in domains that are currently accessible to observation. In such circumstances one must be guided by the classical solutions admitted by theoretical models that admit dynamical non-Riemannian structures. The significance of non-Riemannian gravitational fields has long been recognized by a number of co-workers. Their relevance in recent low energy effective actions stimulated a renewed interest in the physical significance of these fields. The solutions obtained above may offer an opportunity to confront theoretical predictions with some of the classical tests of general relativity and place bounds on the couplings that enter in the modifications to Einstein's theory. Possible matter couplings to the model will be discussed elsewhere.
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A Calculus of variation
Let M be n-dimensional manifold and α, β ∈ Λ p (M) where Λ p (M) denotes any p-form on M. Then we would like find the extremum of the following action integral
by varying it with respect to the dependent variables 2 ; α, β and e a 3 .
Here variation of the second term on the right hand side is needed some calculations in detail, because it contains Hodge star.
First use the identity in the first term
By making the use the equality
and the equality
in (86) and then substituting the findings into (83) we obtain
where α , β ∈ Λ p (M).
Special Case:1
We encounter these kinds of Lagrangian, especially in electromagnetic theory and symmetric teleparallel gravity models. In this case (90) becomes
where A ∈ Λ p−1 (M). Since variation and exterior derivative commute with each other
the equation may be rewritten
By applying the Stoke's theorem the second term on the right hand side can be written
because the boundary condition is δA| ∂M = 0 where ∂M is the boundary of M. Thus
Special Case:2 α = e a ∧ M a and β = e a ∧ N a These kinds of Lagrangian are encountered, especially in non-Riemannian gravity models in which irreducible components of gauge fields are used. In this case (90) becomes
Then
Special Case:3
We encounter these kinds of Lagrangian, especially in non-Riemannian gravity models in which irreducible components of gauge fields are used as well. In this case (90) becomes
where B a , C a ∈ Λ p+1 (M). First we calculate the first term on the right hand side by remembering
Here we deal with the first term
By making the use of the duality
this equation takes the form
Any (n + 1)-form is equal to zero on a n-dimensional manifold, i.e.,
which gives
where we used the identity ı a * Φ = * (Φ ∧ e a ) for Φ ∈ Λ p (M). Now we calculate the second term on the right hand side of (100) by forming a (n + 1)-form on n-dimensional manifold 
where Q ab , R ∈ Λ p+1 (M). First we handle the first and the second terms on the right hand side 
where Q ab , R ∈ Λ p+1 (M).
